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Abstract 

For smooth initial data, we establish the global existence and uniqueness of 
strong and classical solutions to the Cauchy problem for the barotropic compress- 
ible Navier-Stokes equations in two spatial dimensions with vacuum state as far 
field and with no restrictions on the size of initial data provided the shear viscosity 
is a positive constant and the bulk one is A = p'' with /3 > 4/3. 
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1 Introduction and main results 



We are concerned with the two-dimensional barotropic compressible Navier-Stokes 
equations which read as follows: 

pt + div{pu) = 0, 

{pu)t + div{pu <^u) + VP = pAu + V{{p + A)divn), 

where t > 0,x = {xi,X2) G = p{x,t) and u = {ui{x,t),U2{x,t)) represent the 

density and velocity respectively, and the pressure P is given by 

Pip) = Rp\ 7>1- (1-2) 
The shear viscosity p and the bulk one A satisfy the following hypothesis: 

p = const, X{p) = hpl^, 6 > 0, /3 > 0. (1.3) 
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In the sequel, we set R = b = 1 without loosing any generality. We consider the Cauchy 
problem with {p,u) vanishing at infinity. For given initial data po and rriQ, we require 
that 

p{x,0) = po{x), pu{x,0) = mo{x), x£R^. (1.4) 

There is a huge literature on the large time existence and behavior of solutions 
to (jl.ip with constant viscosity coefficients. The one-dimensional problem has been 
studied extensively by many people, see [I2l[l9l[28l[29] and the references therein. For 
the multi-dimensional case, the local existence and uniqueness of classical solutions 
are known in |25y30j in the absence of vacuum and recently, for strong solutions also, 
in [3llH[27] for the case that the initial density need not be positive and may vanish in 
open sets. More recently, for two-dimensional case, Li-Liang [21J obtain the existence 
and uniqueness of the local strong and classical solutions with vacuum as far field. 

The global classical solutions were first obtained by Matsumura-Nishida [24] for 
initial data close to a non- vacuum equilibrium in some Sobolev space . Later, Hoff 
[13] studied the problem for discontinuous initial data. For the existence of solutions for 
large data, the major breakthrough is due to Lions |23j (see also Feireisl [lOUllj). where 
he obtained global existence of weak solutions, defined as solutions with finite energy, 
when the exponent 7 is suitably large. The main restriction on initial data is that 
the initial energy is finite, so that the density is allowed to vanish initially. Recently, 
Huang-Li-Xin [16] established the global existence and uniqueness of classical solutions 
to the Cauchy problem for the isentropic compressible Navier-Stokes equations in three- 
dimensional space with smooth initial data which are of small energy but possibly large 
oscillations; in particular, the initial density is allowed to vanish, even has compact 
support. 

However, there are few results regarding global strong solvability for equations of 
multi-dimensional motions of viscous gas with no restrictions on the size of initial data. 
One of the first ever ones is due to Vaigant-Kazhikhov [32] who obtained a remarkable 
result which can be stated that the two-dimensional system (jl.ip - (jl.4p admits a unique 
global strong solution for large initial data away from vacuum provided /3 > 3 and 
the domain is bounded. Recently, under some additional compatibility conditions on 
the periodic initial data, Jiu-Wang-Xin [T7] considered periodic classical solutions and 
removed the condition that the initial density should be away from vacuum in Vaigant- 
Kazhikhov [32] but still under the same condition /3 > 3 as that in |32j . More recently, 
for periodic initial data with initial density allowed to vanish, we [14] not only relax the 
crucial condition /3 > 3 of [32] to the one that /3 > 4/3, but also obtain both the time- 
independent upper bound of the density and the large-time behavior of the strong and 
weak solutions. It should be noted that both [32] and [H] only consider the periodic 
case or the case of bounded domains. Thus, the aim of this paper is to consider the 
Cauchy problem (jl.ip - (jl.4p in the whole space M^. 

Before stating the main results, we explain the notations and conventions used 
throughout this paper. We denote 

/ fdx = / fdx. 

For 1 < r < 00, we also denote the standard Lebesgue and Sobolev spaces as follows: 

Thus, the first main result concerning the global existence of strong solutions can be 
stated as follows: 
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Theorem 1.1 Assume that 

P > 4/3, 7 > 1, (1.5) 
and that the initial data (0 < po, mo) satisfy that for some q > 2 and a £ (1,2) 

xVo €L^nH^n W^'", Vuo G pI^\o G ^^ mo = pqUq, (1-6) 

with 

x4(e + |xp)i/2iog(e + |a;|2). (1.7) 
Then the problem p.l|) - p.4p has a unique global strong solution {p,u) satisfying 

p G C([0, T];L^r\H^n VF^''?), G L°°(0, T; n H W^'^), 

u G L°°(0, T; H^^), Vu G L°°(0, T; L^) n L(5+i)/'?(0, T; W^^-"), 
tV2Vn G L2(0, T; VF^'^), t^^ut G ^^(0, T; /f^J, 

tV2v(^/i + n • Vm) G L2(0, T; L^), ^ ' ^ 

G L°°(0,r;L2)^ pu G L°°(0, T; n i/^), 
^^ut, {pu)t G L2(M2 X (0,r)), t^/^^ut, t'/\pu)t G L°°(0,r;L2), 

for any < T < oo. 

We also obtain the global existence of classical solutions provided the initial data 
{po,mo) satisfies some additional regularity and compatibility conditions, that is, we 
have 

Theorem 1.2 In addition to ()1.5p and (jl.6p . assume further that {po,uo) satisfies 

(1.9) 



VVo, V2A(po), V2p(po) G L2 n L-?, V^no G L2, 



for some constant 5o G (0, 1), and the following compatibility condition: 

- fiAuo - V{{fi + X{po))dwuo) + VP{po) = pl'^g, (1.10) 

with some g ^ L?', the Cauchy problem (jl.ip - (jl.4p has a unique global classical solution 
{p,u) in M? X (0, oo) satisfying that, in addition to (jl.Sp . for any < T < cxd, 

'VV v2A(p), V2p(p)eC([0,r];L2nL^), 
V2(x^0p), V^{x^oX{p)), V2(x'5"P(p)) G L°°(0,r;L2), 
V^n G L°°(0,r;L2), tV^u G L°°(0, T; L?), 
tut G L°°(0,r;Lf„J, Vut G L^{0,T;L^), 
tV^Ut G L^{0,T;L^), tVuu G L2(o,r;L2), 
tV2(H G L°°(0,r;L(9+2)/2). 

A few remarks are in order: 



(1.11) 



Remark 1.1 First, it follows from and that, for any < t < T < oo, 

ip,Vp)eC{Wx[0,T]), (1.12) 
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and 

pu e H\o,T;L'^) ^ C([0,r];L^). (1.13) 
The Gargilardo-Nirenberg inequality shows 

which together with ()1.13p and (II. lip yields that 

PteCiW x[t,T]). (1.14) 

Next, we deduce from il.8\) and M.ll]) that 
Vu e L°°(0, T; H^) n //^(O, T; L^) n L°°(r, T; VT^'^) ^ C([t, T]; C^(S2))^ (1.15) 
antf that 

Vut G H\t,T;L^) ^ C{[t,T];L^), (1.16) 
which combining with V'^ut G L°^{t,T; L'^) gives that 

VuteC{[T,T]-LP), (1.17) 

/or any p > 2. 

Finally, since u G L°^{0,T; H^^^) and ut G L°^{t,T; Lf^^), we get from p.lSp and 
(fTTTP t/iat for any R> 0, 

u, Ut G C{[t,T] xB^), 

which as well as (11.12P and ()1.14p - (ll.l6p thus shows that the solution {p,u) obtained in 
Theorem \1.2\ is in fact a classical one to the Cauchy problem U.1\) - [T^^ in x (0, 00). 

Remark 1.2 Theorems and \l.^ generalize and improve the earlier results due to 
Vaigant-Kazhikhov 132] where they required that /? > 3 and that the domain is bounded. 
Moreover, Theorems and also extend the previous results due to Huang-Li /J j| / 
where they consider the periodic case to the Cauchy problem in the whole space M^. 

Remark 1.3 It is worth noting here that Zhang-Fang fSSl Theorem 1.8] showed that if 
{p,u) G C^{[0,T]; H''), k > 3 is a spherically symmetric solution to the Cauchy problem 
(ll.ip - (11.4p with the compact supported initial density po ^ 0, T must be finite provided 
1 < /3 < 7. However, in Theorem \1.2l for p, we have p G C([0, T]; //^), but for n, only 
Vu G H'^. Note that the function u G {Vn G H^} decays much slower for large values 
of the spatial variable x than the one u G H^^^. Therefore, it seems that it is the slow 
decay of the velocity field for large values of the spatial variable x that leads to the global 
existence of smooth solutions. 

Remark 1.4 It should be mentioned here that it seems that (3 > 1 is the extremal case 
for the system (jl.ip - (jl.3p (see 132]). Therefore, it would be interesting to study the 
problem (|l.ip - (ll.4p when 1 < /3 < 4/3. This is left for the future. 
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We now comment on the analysis of this paper. Note that for initial data satisfying 
the conditions of Theorems 11.11 and II. 2^ the local existence and uniqueness of strong 
and classical solutions to the Cauchy problem ()l.ip - ()1.4p have been established in [21j. 
Thus, to extend the strong and classical solutions globally in time, one needs global a 
priori estimates on smooth solutions to (ll.ip - (ll.4p in suitable higher norms. To do so, 
motivated by OdS], it turns out that the key issue in this paper is to derive the upper 
bound for the density. We try to modify the analysis in |14p32j. However, the methods 
in [lll[32] can not be applied directly to our case since the arguments in [lll[32] rely 
heavily on the fact that the domain is bounded. In fact, for the whole space M?, it seems 
difficult to bound the L^-norm of u just in terms of ||Vn||j;^2. To overcome the difficulties 
caused by the unbounded domain, some new ideas are needed. The key observations of 
this paper are as follows: On the one hand, for system (II. ip . it is enough to bound the 
LP- norm of the momentum pu instead of bounding the L^'-norm of the velocity n, and on 
the other hand, since p decays for large values of the spatial variable x, the momentum 
pu decays faster than u itself. To this end, we first establish a key Hardy-type inequality 
with the explicit expression of ||/?n||LP in terms of p (see (]2.8p for details). Next, we 
obtain the spatial weighted mean estimate of the density(see (|3.8p ). Then, rewriting 
(ll.iP o as (13.14P in terms of a sum of commutators of Riesz transforms and the operators 
of multiplication by Ui (see (jS.lSp ) as in [1 ^ 122 1 126]. we succeed in deriving the estimate 
of L°°(0, T; LP)-norm of the density (see (j3.10p ) after using the spatial weighted mean 
estimate of the density we have just derived, the Hardy type inequality (see (|2.3p ). and 
the L^-estimate of the commutators due to Coifman-Rochberg- Weiss [5] (see (I2.10p ). 
Next, by energy type estimates and the compensated compactness analysis [7, Theorem 
n.l], we show that log(H-||Vu||i2) does not exceed a polynomial function of (see 
(I3.26P ). Then, using the P^^'^-estimate of the commutator due to Coifman- Meyer [6] 
(see (|2.1ip ) and the explicit expression of || puller in term of r (see (j2.8p ). we obtain 
an estimate on the L^{0, T; L°°)-norm of the commutators in terms of L°°-norm of the 
density (see p.43p ). Both estimates together with the Brezis-Wainger inequality (see 
(I2.12j) ) lead to the key a priori estimate on provided f3 > 4/3. See Proposition 

13.11 and its proof. 

The next main step is to bound the gradients of the density. We first obtain the 
temporal weighted mean estimates on the material derivatives of the velocity which is 
achieved by modifying the basic estimates on the material derivatives of the velocity 
due to Hoff [13]. Then, following [I5], the L^-bound of the gradient of the density can 
be obtained by solving a logarithm Gronwall inequality based on a Beale-Kato-Majda 
type inequality (see Lemma l2.6p . the a priori estimates we have just derived and some 
careful initial layer analysis; and moreover, such a derivation yields simultaneously also 
the bound for L^(0, T; L°°(M^))-norm of the gradient of the velocity; see Proposition 
14.21 and its proof. 

The rest of the paper is organized as follows: In Section 2, we collect some elementary 
facts and inequalities which will be needed in later analysis. Section 3 is devoted to the 
derivation of upper bound on the density which is needed to extend the local solution to 
all time. Based on the previous estimates, higher-order ones are established in Sections 
4 and 5. Then finally, the main results. Theorems ll.ll and ll.21 are proved in Section 6. 

2 Preliminaries 

The following local existence of strong and classical solutions can be found in (21) . 
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Lemma 2.1 Let (3 > 1 and 7 > 1. Assume that (pQ,mQ) satisfies (jl.6p . Then there 
exist a small time T > and a unique strong solution {p,u) to the problem ()l.ip - ()1.4p 
inM? X (0, r) satisfying (jl.Sp . Moreover, if {po,uo) satisfies (ll.9p and (jl.lOp besides 
(|1.6p . (/9, u) satisfies (jl.lip ako. 

The following Sobolev inequality will be used frequently. 

Lemma 2.2 ( [20|,I31| ) There exists a universal positive constant C such that the fol- 
lowing estimates hold for any p G (2, 00), 

\\u\\lp < C//'||Vn||i2p/(p+2), \\v\\lp < Cpi/2||„||2/P||v^||i-2/p^ (2.1) 

for any function u G {u E \ Vu G L2p/(p+2) | ^^^^ v G H^. 

Lemma 12.21 directly yields 

Lemma 2.3 There exists a universal positive constant C such that for 5 € (0, 2] and 
£ G (0,2], every function G G Cq°(M'^) ||V?;| + G L^} satisfies 

\\vx-^\\Li2+e)/6 < Cb-^l'^ (||Vf||i2 + e-^Wvx-'^Wl-,) , (2.2) 
with X as in (11. 7p . In particular, choosing e = 2, we have 

11^-^11^4/6 < Cb-^l"^ (||V?;||i2 + ||ra-^||i2) . (2.3) 

Proof. Since 

< 31og(e + |xp), i = l,2, 
we obtain by direct calculations 



\\V {vX~^)\\^2{2+e)/(s+2S+2) 

= WX^^VV — 5vX'^~^'Vx\\];^2(2+e)/(e+2S+2) 

< l|V^llL2||x-^||^(2 + E:)/i + 35||ra-"^ 11/^2 ||x"^10g(e + |x|^)||^(2 + £:)/i 

<C{\\Vv\\L2+e-'\\vx-^L^), 
where in the last inequality we have used the following simple fact that 



(2.4) 



|x-^log(e + |x|2)||^(2+. 



\ 5/(2+£) 



s(/.-W-./^(..HV.)- 

/ . \S/(2+e) 

< i x-'dx] ||(e + |x|2)-^^/(2(2+.))i^g(g^|^|2)||^^ 



due to (e + y) " log(e + y) < a ^ for a > and any y > 0. The desired estimate (12. 2p 
thus directly follows from ()2.ip and ()2.4p . The proof of Lemma 12.31 is completed. 

The following Hardy-type inequalities will play a crucial role in our analysis. 
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Lemma 2.4 Let = {x\ \x\ < N} and x be as in (|1.7|) . Assume that p G L^(M^) n 
L'^(M?) is a non-negative function such that 

/ pdx>Mi, / p^'dx < M2, (2.5) 

for positive constants Mi, M2, Ni, and 7 > 1. Then there is a positive constant C 
depending only on Mi, M2, Ni, and 7, such that every function v £ Cq^{E?) satisfies 

J ^dx <C j p\v\^dx + C\\Vv\\\2. (2.6) 
Moreover, if, in addition to (|2.5p . p satisfies 

px'^dx < Ms, (2.7) 



for some positive constants a and M3, there exists a positive constant C depending only 
on a,Mi{i = l,2,3),A^i, and 7 such that every function v G C^(]R^) satisfies 

WpvUr < Cri/2(i + IIpII^^) [\\p^/^v\\l2 + \\Vv\\l2) , (2.8) 

for any r G (1, 00). 

Proof. First, it follows from (j2.5p and the Poincare type inequality \10\ Lemma 3.2] 
that for any N > Ni, there exists a positive constant C depending only on M2, M3, N, 
and 7, such that 

Ml^^B^) <C [ p\v\'dx + C||V^||i.(^^). (2.9) 

Next, let Tp{x) be a Cq°(M^) function such that 

fl Ixl > 3 
0<V<1, tp= { |V^| < 2. 



|x| < 2, 



Direct calculations lead to 

il^ix) 



P log^ |xP 



\v\ dx 



, ^h(x)(x ■ V)v ■ V , fx- Vibix) , ,9 , 



|xPlog|xP J \x\'^log\x 

< I I J}""!. iJ ^l'^^ + C\\Vv\\l, +C [ \v\'dx, 

J |x|"^log \x\^ ^{2<|a;|<3) 

which together with (|2.9|) shows (|2.6p . 

Finally, for r G (l,oo) and a = 4/(r(4 + a)), it follows from Holder's inequality, 
(fOD . ([2^6]) . and (EZD that 

Wpvhr < \\{px"y\\Li/A\vX~'^''\\Li/(''-)\\p\\l~-^ 

< Cr^/^ + WVvWl^) (1 + WpWl^), 
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which gives (j2.8p . We finish the proof of Lemma I2.4[ 

Next, let denote the Laplacian inverse and Ri be the usual RiESZ transform on 
: Ri = (-A)-i/25i. Let and BMO{M?) stand for the usual Hardy and 

BMO space. Given a function 6, define the linear operator 

[6, RiRj]{f) ^ bRi o - Ri o Rj{bf), i,j = 1,2. 

The following properties of the commutator [b, RiRj](f) will be useful for our analysis. 



Lemma 2.5 Let b, f e C^{R'^). Then for p G (l,oo), there is C{p) such that 

\\%R,R,]{f)\\Lv < CipmiBMoWfU.- (2.10) 

Moreover, for qi G (l,oo)(i = 1,2,3) with q^^ = q^"^ + q^^ , there is C depending only 
on qi{i = 1, 2, 3) such that 

mb,RiR,]{f)\\L., <C||V6||l,2||/||l,3. (2.11) 

Remark 2.1 Properties (j2.10p and (j2.1ip are due to Coifman-Rochberg- Weiss and 
Coifman-Meyer respectively. 

Next, we state the following Beale-Kato-Majda type inequality which was proved 
in plfTS] when divu = and will be used later to estimate ||Vm||loo and ||Vp||lp. 

Lemma 2.6 ( |.1. .18j ) For 2 < q < oo, there is a constant C{q) such that the following 
estimate holds for all Vu G L'^{R'^) n W^^'^{R'^), 

\\Vu\\l'^ < C (||divu||ioo + llrotullioo) log(e + IIV^uIIl?) + C\\Vu\\l2 + C. 
Finally, the following Brezis-Wainger inequality will also be used. 

Lemma 2.7 ( [SIS]) For q > 2, there exists some positive constant C depending only 
on q such that every function u G G Vf G -L^} satisfies 

IbllL- < C{\\v\\l, + ||Vi;||i2) lnV2(e + \\Vv\\wi,,) + C. (2.12) 



3 A priori estimates (I): upper bound of the density 

In this section and the next, we will always assume that 

po{x) > 0, (3.1) 

in addition to the conditions of Theorem II. 1^ and that (p, u) is the strong solution to 
(in|)-((LlD on R? X (0,T] obtained by Lemma [2Tl Without loss of generality, assume 
that 

j Podx = 1, 

which implies that there exists a positive constant A'^o such that 



1 /■ , 1 , ^ 

Podx > - Podx = -. (3-2) 



-Bjvo 



The following Proposition 13.11 will give an upper bound of the density which is the 
key to obtain higher order estimates. 
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Proposition 3.1 Under the conditions of Theorem \l.l[ for 

- IIpoIIli + IIpo^^IIli + ||/Oo||l°° + WpI^'^uoWl^ + ||V-uo||l2, 
there is a positive constant C depending only on fJ.,13, 'y,T, NQ,a, and Eq such that 

sup (IIpIIloo + ||Vii||2,2) + / / p\ut + u ■ Vu\'^dxdt < C. (3.3) 

0<t<T Jo J 

Before proving Proposition l3.H we establish some a priori estimates, Lemmas l3.2fl3.61 
First, we have the following lemma. 

Lemma 3.2 There exist positive constants C and Ni both depending only on a,j,T, Nq, 

1/2 

IIpoIIlij IIpo2;"||li, ||/Oo||lt) and Wpq uq\\x^2 such that 



0<t<T 

and 



sup I {p\u\'^ + + px") dx + f [ {p\Vu\^ + X{p){divuf) dxdt < C, (3.4) 

<t<T J Jo J 

I pdx > 1/4. (3.5) 

Proof. First, the mass conservation equation (jl.ip ^ yields 

pdx = / podx = 1. (3.6) 



Next, the standard energy inequality reads: 



sup f [p\u\'^ + p^) dx + f [ {p\Vu\^ + {p + X{p)){dwuf)dxdt<C. (3.7) 

0<t<T J Jo J 



Multiplying (jl.ip ^ by and integrating the resulting equality over M^, we obtain after 
integration by parts and using (j3.7p that 

^ J px°-dx<C j p\u\x"-"^ \og{e + \x\'^)dx 

<cQ px2'^"2log2(e + |x|^)dx^ ^ Q pu^dx^ ' 

<c{J px^dx^ ' , 
which together with Gronwall's inequality gives 

sup / px'^dx < C. (3.8) 

This as weh as I^Jij gives l^i^. 

Finally, for > 1, let ip^ix) be a C^{R^) funct ion such that 

fl if < iV, , , 1 
if |x| > 2i\ , 



It follows from ([MD, and (jSZ]) that 

— J pip^dx = J pu-Vip^dx 

which gives 

j pfNdx > J pQipNdx - 2C^/'^N-^T. (3.9) 
It thus follows from and ^M) that for iVi = 2(2 + iVo + SC^/^j^), 

/ pdx> I pip]si-^j2dx > 1/4, 

which shows (j3.5p . The proof of Lemma 13.21 is completed. 



Lemma 3.3 Assume that (|1.5p holds. Then there is a positive constant C depending 
only on p,f3, 'y,T,NQ,a, and Eq such that 

sup / (p + p^^"'+^)dx<C. (3.10) 

0<t<T J ^ ' 

Proof. First, we denote by 

V^ = id2,-di), ^^f = f = ft + u.Vf, 

where -^f is the material derivative of /. Let G and u be the effective viscous flux and 
the vorticity respectively as follows: 

G = (2/i + X{p))divu — P, uj = • u = d2Ui — diU2. 

We thus rewrite the momentum equations (jl.ip ? as 

pu = VG + nV^oj, (3.11) 

which shows that G solves 

AG = div(pn) = dt{div{pu)) + divdiv{pu (g) u). 

This implies 

G+^((-A)-Miv(pn)) =F, (3.12) 
with the commutator F defined by 

2 

^[ui,RiRj]{pu,). (3.13) 

Then, since p > due to ()3.ip . the mass equation p.ip i leads to 

— divti = -Dtp, 
P 
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which combining with (|3.12|) gives that 

2.t,ip)+P = §.^i.-F, (3.14) 

with 

9{p) = 2filogp + p-^p'^, ^ {-A)-^dw{pu). (3.15) 

Next, denoting / = max{0(/9) —ip,0}, multiplying (j3.14p by pf'^'^~^, and integrating 
the resulting equality over M? lead to 



^ J pf'<dx<C j pf'<-^\F\dx 



^ ^11^1/(27) f||27-i II ,,1/(27) llpll (3.16) 

<C||/,l/(27)/||27;l||p||lA27^^ 

where in the last inequality we have used the following simple fact that for any p G 
(1,00), 

II-^IIlp < C{p)\\u\\bmo\\pu\\lp < C{p)\\Vu\\l2\\pu\\lp, (3.17) 
due to (f2TT)]l . It fohows from Holder inequality, ([33]), ([33]), ([13]), and ([2S]) that 

||ptt||2,{2/37+l)//3 < ||(/5S'*)'^|lLl/cT||uX"'"^||j^4/(acT)||/3"'"~'^||j;^(2^l7+l)/{l-<T) 1 S^ 

< C{1 + \\Vu\\l2){1 + \\p\\l2p^+i), 
where a = 4(^ - l)/((4 + a)(2/37 + 1) - 4). Substituting (l3J8]) into ([XT6]) gives 



di 



j pf^dx <c(^l + j pf^dx + j p^f^^-^^dx^ (1 + \\Vu\\l2), (3.19) 



due to /3 > 1. 

Next, one deduces from (13.61) that 



p^-'^+'dx 

'(p<2) ./(p>2) 



f p^^^+^dx= [ p^^^+^dx+ [ 

<C [ pdx + C [ pf^dx + C [ p\4>\^"'dx (3.20) 
<C + C j pf^dx + C j p\ij\'^^dx. 



It follows from (|2.ip and (|3.4p that for any q G (2, oo), 

II, <C||V(-A)-Miv(HII 



<cmp'^'\\L4p'^ML^<c{q)\\p\\];^% 

which as well as ()3.6p and the fact that (3 > 1 gives 

p\4^\^^dx < C||p||^(2/37+l)/(2/37+l-7)||V'll^l(2,37+l) 

7 



(3.21) 



<C(l+||/5||i2,7+l)||/0||l2/37+l (3-22) 

< C(e) + e j p^^<^+^dx. 
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Substituting (|3.22|) into (|3.20p and choosing e suitably small lead to 

J p27/3+irf^ <C + C J pf^'dx, (3.23) 
which together with (j3.19p . (j3.4p . and Gronwall's inequality yields 

sup 

Q<t<T J 

This combining with (j3.23p and (j3.6p directly gives (j3.10p . The proof of Lemma 13.31 is 
completed. 

The following L^-estimate of the momentum will play a key role in the estimate of 
the upper bound of the density. 

Lemma 3.4 Assume that ()1.5p holds. Then, for any p > 4, there is a positive constant 
C{p) depending only onp,p,l3, j,T,NQ,a, and Eq such that 

WpuWlp < C(p)4+^/^l + ||Vn||i2)i~2/P, (3.24) 

where 

Rt = 1 + sup • 

0<t<T 

Proof. First, for 

multiplying (jl.ip 9 by (2 + iy)\u\'^u and integrating the resulting equation over lead 
to 

^ J p\u\^+''dx+{2 + iy) J (^|Vn|2 + (^ + /)(div'u)2) dx 
<(2 + z^)z^ y"(^ + /)|divu||n|''|Vn|dx + C j p'^ {ul" \V u\dx 

<l±^ /'(;,+/)(div^x)>r(ix+^±4T / wr\^u\^dx 

2 J o{p + 1) J 

which together with Gronwall's inequality and ()3.10p thus gives 

sup / /3|n|2+^dx < C. (3.25) 

0<t<T J 

Then, it follows from Holder's inequality, ^lEh . ([Ml), dSS]), and ([23]) that for 
r = {p-2){2 + iy)/u, 



I II ^11 l|2/P II ||l-2/p 



< C{p)4^''^'^ (4+^/^1 + llVnll^.))'"'^' 
<C(p)4+^/^l + ||Vn||i.)i-2/^ 
which shows (I3.24p . The proof of Lemma 13.41 is completed. 

12 



l-2/p 



Lemma 3.5 Assume that (|1.5|) holds. Then, for any 6 G (0, min{l, 2(/3 — 1)}), there 
is a constant C{5) depending only on 5, fx, (3, jjT, NQ,a, and Eq such that 

sup log(e + A\t)) + r f^Lj t < C{6)R},+'^ (3.26) 
o<t<T Jo e + A-^it) 

where 

A\t) ^ I (^u\t) + dx, B\t) ^ J pit)\nit)\'dx. (3.27) 

Proof. First, direct calculations show that 

• ii = -jy^'^ ~ (diu ■ V)m2 + id2U ■ V)ui = -j^^ + wdivn, (3.28) 

and that 

divu = — divn + {diu ■ V)tii + {d2U ■ V)u2 

= -^divn - 2Vni • V^U2 + {diwuf (3.29) 

Then, multiplying (j3.1ip by 2u and integrating the resulting equality over M^, we 
obtain after using (|3.28p and (j3.29p that 

+ 2^2 = - y u'^dbrudx + 4 y GVui • V^U2dx -2 j G{d\Nufdx 

^^~^^^~J^ G^diYudx + 2/3 / -Ml^Gdivudx ,o o^^ 
(2/i + A)2 (2/x + A)2 (3.30) 



27 / -GdiYudx = > /j. 



Each Jj can be estimated as follows: 
First, it follows from (j3.1ip that 

AG = div(/)'u), ^uAw = • {pii). (3.31) 

which together with the standard L^-estimate of elliptic equations yields that for p G 
(1,00), 

||VG||lp + IIVcjIIlp < Cip,p)\\pu\\LP- (3.32) 



In particular, we have 



\\VG\\l2 + \\Vuj\\l2 < C{fi)R]^^B. (3.33) 



This combining with ()2.ip gives 



II II ^ ^11 llV2||v7 l|l/2 

< cr'J'a'/^b'/^, 



(3.34) 
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which leads to 

< C||a;|||4||divn||i2 < eB^ + C(e)iir||V'u|||2^^. (3.35) 
Next, we will use an idea due to Perepelitsa [26] to estimate I2. Noticing that 

rotVni = 0, divV-^U2 = 0, 
one thus derives from [71 Theorem II. 1] that 

llVui • V^nsll^i < C\\Vu\\l2. 
This combining with the fact that BM.O is the dual space oil-L^ (see [9j) gives 



I/2I < C||G||B^o||Vni • V^nsll^i 
<C\\VG\\LA\yu\\l, 

< CR]1^ B\\Vu\\l2{1 + A) 

< eB^ + Cie)RT\\Vu\\l2il + A^), 



(3.36) 



where in the third inequality we have used ()3.33p and the following simple fact that for 

t e [o,r], 

C~^\Nu\\l2 - C < A^{t) < CR^j,\\Vu\\\2 + C, 

due to (I3T0]1 . 

Next, Holder's inequality yields that for 5 G (0, 2(/3 — 1)), 



(3.37) 



Y.\h\<c I \d\M{\G\ 

i=3 ^ 
G^ldivn 



|G|+P^ G 



■2 ^ P\G\ 



< C 



2/x + A 2^1 + \ 2ij. + \ 
P\G\ 



dx 



2/i + A 



dx + C 



-\(lv>ju\dx 



< C\\Vu\\l2 

< C\\Vu\\l2 



G' 



2^1 + \ 
G^ 



L2 



2/i + A' 

+ C\\Vu\\l2 \\G\\ l2(2+S)/S \\P\\l2+s 



(3.38) 



2;u + A 



+ Gi6)\\Vn\\L2\\Gff'-'^\\VGr/^ 



L2 



,2/(2+5) 



where in the last inequality we have used (j3.10p and ()2.ip . 
Then, noticing that (j3.27p gives 

\\G\\l2 < CR^T^'^A, 
one deduces from the Holder inequality and (|2.1[) that for < 5 < 1, 



(3.39) 



G^ 



V2/U + A 



< C 



L2 



G 



V2/U + A 



< C(5)^^-^||G||^2||VG||i2 

< C{5)AR^^''^\\VG\\l2 

< C{6)R^^+^^'>^^AB, 



1-5 

L2 
S 



\\G\\ 



1+5 



(3.40) 
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where in the last inequahty we have used (|3.33|) . It follows from (|3.38|) . (|3.33p . (|3.40p . 
and (13:39]) that 



j=3 



< C{5)e!j^^^^^''^\\Vu\\l2{AB + B + A) 



(3.41) 



Finally, substituting (I3.35p . ()3.36p . and p.4ip into ()3.30p . we obtain after choosing 
e > suitably small that 



d 



j^A^ + B^< C(5)i?^+'^^(1 + \\Vu\\l2)il + A^) 



(3.42) 



Dividing (j3.42p hy e + A"^ together with (|3.4p gives (j3.26p . The proof of Lemma 13.51 is 
completed. 

Next, the following lemma gives an estimate of the L°°-norm of the commutator F 
defined by (l3T3|) . 



Lemma 3.6 Assume that (jl.5p holds. Then, for any e > 0, there is a positive constant 
C{e) depending only on e,fj,,l3, 'y,T,NQ,a, and Eq such that 



r \\F\\L^dt<C{e)Rl^^'^^'. 
Jo 



(3.43) 



Proof. First, it follows from the Gagliardo-Nirenberg inequality, (I3.17p . and (12. lip 
that for p G (8, oo). 



<C(p)(||V^z||i2||pn||z..)(^-')/^(||Vn||i4||ptx|Up)^/P 
<C{p)\\Vu\\%-'^/^Vu\\%^puU. 



<C(p)i?^+^/^(l + ||V'u||i2 



.2-e/p 



Vn 



|4/p 
Il4 , 



where in the last inequality we have used (13.24p . 

Next, we obtain from ([3311) . (^J0\) . (I33ZD, and ([331) that 



|Vu||i4 < C(||divti||4 + ||w||4 
G + P 



< C 



< C 



2/i + A 

G2 



L4 



+ cr'^^a'/^b'/^ 



V2/i + A 



1/2 



+ C 



L2 



P 



2fi + X 



L4 



< CRtA^I'^B^I'^ + CR> 



<c4^^(e+||VHU.)(l + -|^) 



1/4 



(3.44) 



(3.45) 



15 



Substituting into U^M^ yields that ioi p > 8, 

< C(p)4+^^/(^(^^^»+^^^/(^-^) (e + llVnIli.) + 



which together with (j3.26p and (|3.4p directly gives p.43p after choosing p suitably large. 
The proof of Lemma 13.61 is completed. 

Now we are in a position to prove Proposition 13.11 

Proof of Proposition \3.1[ For ^ as in (j3.15p , it follows from (j3.2ip and (|3.4p that 



Il27 < C, 

which together with ([21^ and leads to 

Uh^ < c(||VIIl2. + livv^ll,.^) W/2(e + + c 

< C (1 + ||pn||i2) log^/^(e + ||pn||^27/{7+2) + llp^tllL*^) + C 

< c4/'logi/2 (^R^+^/\e + \\Vu\\L2))+C (3.46) 

< c4/^ 

where in the last inequality we have used p.26p . One thus derives from p.l4p . (j3.46p 
and dOHjl that for e € (0, 1), 

Because of (|1.5p . after choosing e suitably small, this directly gives 

sup ||p||l°° < c, 

0<t<T 

which together with ()3.42p . ()3.4p . and Gronwall's inequality yields ()3.3p . We complete 
the proof of Proposition 13.11 

4 A priori estimates (II): higher order estimates (I) 



Lemma 4.1 Assume that (II. 5p holds. Then there is a positive constant C depending 
only on fi,l3,j,T,NQ,a, and Eq such that 



sup t I p\u\^dx+ I t\\Vu\\\2dt <C. (4.1) 

Kt<T J Jo 



t I p\u\'^dx + I 

0<t<T 

Proof. First, simple calculations yield that 

dtAuj + div(nAiij) = Auj — A{u • Vuj) + didiv{udiUj) — div{diudiUj 



(4.2) 

= Aiij + di{—diU ■ Vuj + divudiUj) — div{diudiUj). 
It follows from (ll.ip i that 

Xt + div((^ + X)u) = (/i + (1 - f3)p^)divu, (4.3) 
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which gives 

djt{{n + A)divn) + div{udj{{fi + A)divu)) 
= dj [{fi + A)div(n — u ■ Vu) + Xtdivu + div(n(^ + A)divti)] 
— div{dju{fj, + A)divii) 

{fi + A)divn - {fi + \)diU ■ Vui + + (1 - l3)p^){d\Yuf^ 

div((9jti(/u + A)divu). 



Noticing that P satisfies 

Pt + div(P'u) = (1 - 7)Pdiv'u, (4.5) 

we have 



djPt + div{djPu) = djPt + djdw{Pu) - dw{Pdju) 
= (1 - 'y)dj{Pdivu) - div{Pdju). 



(4.6) 



Then, operating d/dt + div(u-) to pTT]) ^ together with (g^]), (03]), and (ji^ shows 

{puj)t + div{puuj) — pAiij — dj{{p + A)divu) 
= pdi{—diU ■ Vuj + divudiUj) — pdiv{diudiUj) 

- dj Up + X)diU ■ Vui -{p + {l- I3)p^){divuf] (4.7) 

— div((9jii(/i + A)divn) + (7 — l)9j(Pdivn) + di-v{Pdju) 

Finally, multiplying (j4.7p by n, we obtain after integration by parts that 

--^ / p\u\^dx + p [ |VnP(ix+ / (p + X)(divu)^dx 
"^dt J J J 

\Vu\'^dx + C\\Vu\\% + C\\Vu\\l2 
< I y iViipdx + C(||G||i4 + ||^^||i4 + ||P||t4) + C (4.8) 

\Vu\^dx + Ci\\G\\l2\\VG\\l2 + \\io\\l2\\Vu\\l2) + C 

<|| |V^^|2dx + C||pi/2n||i. + C, 

where in the last inequality we have used (|3.3p and (I3.33p . Multiplying (14. 8j) by t and 
integrating the resulting equation over (0,T), we obtain ()4.ip after using ()3.3p . We 
thus finish the proof of Lemma 14.11 

Proposition 4.2 Assume that (jl.Sp /zoMs and let q > 2 be as in Theorem \l.l\ Then 
there is a constant C depending only on q, p, /3,^,T, NQ,a, Eq, and WpoWn'^nW'^'i such 
that 

sup {\\p\\mnw^'i + l|Vn||i2 + t\\V^u\\l2) 

0<t<T 

T (4.9) 
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Proof. Following |15|. we will prove (|4.9|) . First, denoting by <I> = ($^,^>^) with 
= (2^ + \{p))dip {i = 1, 2), one deduces from (jl.ip i that <I>* satisfies 

$j + (n • V)«>* + (2/i + A(p))ain^ajp + pdiG + p^iP + $Mivn = 0. (4.10) 

For q > 2, multiplying (|4.1U|) by and integrating the resulting equation over 

M^, we obtain after integration by parts that 

^II^IIl, < C(l + \\Vu\\l^)\\Vp\\l. + C\\VG\\l. 
< C7(l + ||Vn||L-)||V/)||L, + C\\pu\\li, 

where in the second inequality we have used (13.32p . 

Next, noticing that the Gargliardo-Nirenberg inequality, (|3.3p . and (|3.32p yield that 

||divu||L°° + < C||G||loo + C||P||l°° + C||w||loo 

< C{q) + C7(g)||VG||^f + C(<7)||V6.||^f (4.12) 

we deduce from standard L^-estimate for elliptic system that 

||V^n||L.j < C||Vdivu||L, +C||Va;||L, 

< C7||V((2/i + A)divu)||L, +C||divn||ioo||Vp||L, + (:7||Vl^||m 

< C{\\dwu\\Loo + 1)||Vp||l, + C\\VG\\l. + CWVuWl. (4.13) 

< C{\\pu\\%^^^'''''>^ + 1)\\Vp\\l. + C\\pu\\L. 
<C\\Vp\\t'''^/^''-'^ + C\\puh.+C, 

where in the fourth inequality we have used p.32p . This together with Lemma 12.61 and 
yields that 

||Vu||loo < C (||divn||ioo + ||a;||Loo) log(e + ||V^u||l9) + C||Vii||^2 + C 

< C (l + WpuW'/l^^"'^^^) log(e + \\pu\\l^ + ||V/5||l,) + C (4.14) 
<C(l + ||pn||L,)log(e + ||Vp||L,)- 



Next, it follows from Holder inequality, (|3.4p . (j3.5p . ()2.8p . and (|3.3p that for any 
p>2, 

< Cmpu^-'^^^-'^ (llp^/^nll,. + WVnU.f'-''^'''-'' (4.15) 

< C{pW/ML^ + C{p)\\py\\\l^^^^^^^ 
which together with (|3.3p and (|4.ip implies that 



(4.16) 



<C{p). 
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Then, substituting (|4.14|) into (|4.1ip . we deduce from Gronwall's inequality and 
(iroi) that 

sup IIVpIIl, < C7, (4.17) 

0<t<T 

which as weh as (|4.13p and (j4.16p shows 

£ {W^Ml^'^^' + mMh) dt < C. (4.18) 
Finally, note that ||V/9||i2 satisfies that 



iWVph^y < C{1 + \\Vu\\l^)\\Vp\\l2 + C\\V\ 



L2 



(4.19) 



< C(l + \\V'^u\\li)\\Vp\\l2 + C\\V\\\l2. 
We obtain from ([33]), ([332]), and KT7]i that 

||V^n||i2 < C\\Vuj\\l2 + C||Vdivu||i2 

< C\\Voj\\l2 + C||V((2^ + X)divu)\\L2 + C||divn||i2,/(,_2) ||V/9||l, 

< C\\Voj\\l2 + C\\VG\\l2 + C\\VP\\l2 + C||Vn||^V'^/^||V\||^/' ^^'^^^ 

< C\\pu\\l2 + C\\Vp\\l2 + -\\vMl^, 



which together with (Ii39]l . (lOI) . (liJHll . and (HH gives 

{\\vp\\^,+t\\vMh)+ r 

0<t<T 



snp {\\Vp\\L2 + t\\V^u\\l2) + [ \\V\\\l2dt<C. (4.21) 

}<t<T JO 



The combination of (fiTfll . (jilSl) . and (jirni) thus directly gives (jM]). We thus finish 
the proof of Proposition 14.21 



Proposition 4.3 Under the conditions of Theorem \l.l\ there is a constant C depend- 
ing only on q,p,l3,j,T,NQ,a,EQ, \\po\\mnw^'i^ o,nd ||V(x"po)||L2nL9 such that 

sup iWx^pWLinHinw^-i + Wx^'^ph^nLi + WpuWh^) 

0<t<T 

fT (4.22) 

+ sup t (||p^/V|li2 + ||(p^^)t|li2) + / {\\p"^Ut\\l2 + \\{pu)t\\l2) dt < C. 

0<t<T ^ ^ JO ^ ^ 

Proof. First, it follows from ([33]), (E^D, and ([33]) that for any e > 

and any s > 2, 

\\ux-^\\^s/. <C{e,s). (4.23) 



Direct calculations show 



\\Viux-')\\L', < C\\Vu\\l, + C{e)\\ux-'\\Lo.\\{e + \x\')-'^'\\l, 

< C{e)\\Vu\\L. + ^||V(^.x-^)||l, + C(e)hx~^||^4/., 

which implies 

||ux-^||lco < C{e) + C{e)\\Vu\\L',. (4.24) 
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Next, one derives from (jl.ip ^ that v = px"" satisfies 

vt + u ■ Vv — avu ■ V log X + vdivu = 0, 
which together with simple calculations gives for any p £ [2,q] 

(||Vw||Lp)t < C(l + IIVuIIloo + ||u • Vlogx||Loo)||Vv||LP 

+ C||u||l^ (|||Vn||Vlogx|||LP + |||n||V^ logxlllip + ||V^u||lp) 
<C{1 + \\Vu\\wi,,)\\Vv\\lp (4.25) 
+ C'II^^I|l°° (IIVuIIlp + \\ux~^^*\\l°o\\x~^^'^\\lp + llV^nlliP^ 
< C(l + IIV^-uIIlp + ||Vu||h^i,,)(1 + ||Vi;||lp + \\Vv\\li), 

where in the second and the last inequalities, we have used (|4.24p and (|3.4p . Choosing 
p = q in (j4.25p together with (j4.9p thus shows 

sup WVipx^^Li < C. C4 26) 

Letting p = 2 in (|4.25p . we deduce from (jiTO]) and (j4.26p that 

sup \\V{px'')\\L2 < C, 
0<t<T 

which combining with ()3.4p and ()4.26p thus gives 

sup \\px"-\\L^nH^nw^-i < C- f4 271 

0<t<T ^ ' ^ 

This yields that for any p £ [2, q], 

IIx'^V/^IUp < C||V(px'^)||lp +C7||px°-ilog(e+ IxDIliP 

< C + C||px'^||y/^||px'^||^(^||x-ilog(e + |x|)||Loo (4.28) 
<C, 

which as well as (|3.4p . (|3.3p . and (|4.23p implies that 

\\pn\\m <C + C\\pVu\\l2 + C|||n||V/5|||i2 

<C + C\\x-''u\\l2,/(,-2) Wx^Vp] Hi, < C. 

Finally, it follows from (lOTD . ([O]) . and (ITOD that 

< C\\p^/^u\\l2 + • Vu\\l2 + C||/?t^x||i2 

< C||pi/\||i2 +C7||/5i/2|n||Vn|||i2 +C7|||u|2V/)||i2 

< C\\p^^\\\l2 + C\\x-''/\\\lo-\\Vu\\l2 + C\\\u\^x-''\\l--\\x''Vp\\l2 

< C\\p^/^u\\l2 + C + C\\Vu\\l9, 
which together with ()4.ip . ()3.3p . and (|4.9p shows 

sup t (11/5^/^1112 + ||Mtlli2) + r (Wp'/'utWl, + \\{pu)t\\l,) dt < c. 

0<t<T ^ ^ JO ^ ^ 

This combining with (|4.27p - (|4.29p yields (|4.22p . The proof of Proposition [3]2] is com- 
pleted. 



(4.29) 
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5 A priori estimates (III): higher order estimates (II) 

In this section, in addition to the conditions of Theorem 11.21 will always assume 
that po{x) > and that {p,u) is the classical solution to ()l.ip - (11.4p on M2 X (0,r] 
obtained by Lemma |2.1[ The following higher order estimates of the solutions which 
are needed to guarantee the extension of local classical solution to be a global one are 
similar to the ones in [21], and we sketch the proof of them here for completeness. 

From now on, the positive constant C may depend on q, fi, /3, 7, T, Nq, a, Eq, ||V^no||L2, 
\\Po\\H^nw^.'>, l|V(x>o)llL2nL., \\V\x^° po)\\l2, {x^nipo))\\ , \\V^{x^'^P{pomL^,and 
WgWi^, where g is as in (|l.lUp . 

Lemma 5.1 The following estimates hold: 

sup t (||Vtt||^2 + ||V\||i,) + / t I [p\ut + u-Vu\'^ + \V'^u\^)dxdt <C, (5.1) 

<t<T Jo J 



0<t<T 

and 



sup t\\ut\\LVBn) < C{R), (5.2) 
0<i<T 



for any R > 0. 

Proof. First, taking into account on the compatibility condition ()1.10p . we can define 

^u{x,t = 0) = g. 
Then we deduce from (14. Sp and Gronwall's inequality that 



rT 

sup ||/9^/^it||i2 + / \\Vu\\l2dt < C, 
:)<t<T Jo 



0<t<T Jo 

which combining with K20h . ([33]), and (liT5]l gives 

sup (\\Vu\\hi + \\p'^^'^u\\lA + [ (llVnll^a + ||V\||i,) < C. (5.3) 

0<t<T ^ ^ Jo 

Next, multiplying (j4.7p by dtiij + u-Vuj, summing with respect to j, and integrating 
the resulting equation over lead to 

/pK+.u.Vu|^<ix-^/Au,(8,u,+,..Vi,M. 

-/a,((, + A)div.,(a.,+„.V,-,).. (5.4) 

= J K{dtUj + u ■ Vuj)dx, 

where K denotes the right-hand side of (|4.7p . 

For the terms on the left-hand side of ()5.4p . direct calculations yield that 

Auj{dtUj + u ■ Vuj)dx 

— ~2^\\^'^\\'L2)t — J diUjdiU ■ Viijdx — J diiiju ■ Vdiiijdx (5.5) 

< -^(l|Vn||i2)t + C\\Vu\\12\\Vu\\l^, 
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and that 



dj{{p, + X)divu){dtUj + u • Vuj)dx 

~2di I A)(divn)2dx + - / (Aj + div((// + \)u)){d\.Yuf dx 



— y (/i + X)(ii\udjU ■ Vujdx 
< --— / in + X){dwufdx + C\\Vu\\l2\\Vu\ 



where in the last inequahty we have used (j4.3p . 

We then estimate each term on the right-hand side of ()5.4p as follows: 
Integration by parts yields that 

div{dju{fi + X)divu){dtUj + u ■ Vuj)dx 

{dtdkUj + dk{u ■ Vuj))djUk{fJ^ + X)divudx 

=— J dkUjdjUkip, + A)divndx — j dkUjdj{uk — u ■ \7uk){n + A)divndx 

— J dkUjdjUkifJ, + X)div{u — u ■ 'Vu)dx — J dkUjdjUkdivuXtdx 

+ J u ■ 'V{dkUj)djUk{fi + X)divudx + J dku ■ ViijOjUkiiJ- + X)divudx 
=— J dkiijdjUkin + X)divudx — J dkUjdjiikin + X)divudx 
+ J dkUjdjU ■ VukifJ- + X)divudx — J dkUjdjUkifJ- + X)divudx 
+ J dkUjdjUkifi + X)diU ■ Vuidx + J d^u ■ ViijOjU^ifi + X)dwudx 

— J dkUjdjUkdwu{Xt + div((/i + X)u)dx 

<— / dkiijdjUkifi + X)divudx + C\\Vu\\\2\\Vu\\l°° + C\\Vu\\]^2\\Vu\\^e, 
where in the last inequality we have used (14. 3p . 
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Direct calculations give 
J div{Pdju){dtUj + u ■ Vuj)dx 
= - j {dtdkUj + dkiu ■ Vuj))PdjUkdx 

= — ^ y dkUjPdjUkdx + J dkUjPtdjUkdx + J dkUjPdj{uk — u ■ 'Vuk)dx 

— J u ■ V {dkUj)PdjUkdx — J dkU ■ ViijPdjUkdx 

= — — y dkiijPdjUkdx + j dkUjPtdjU^dx + j dkUjPdjUkdx 

— J dkiijPdjU ■ Vukdx — J dkUjPu ■ VdjU^dx 

— J u ■'V{dkUj)PdjUkdx — J dkU ■ ViijPdjUkdx 

= — ^ y dkUjPdjUkdx + J dkUjPdjUkdx — J dkUjPdjU ■ Vu^dx 

< — — / dkUjPdjUkdx + C\\Vu\\\2 + C\\Vu\\\a, 



(5.8) 



where in the last inequality we have used (j4.5p . 

Similar to (I5.7P and (]5.8p . we can estimate the other terms on the righthand side of 
Therefore, substituting all these estimates (j5.5p - (|5.8p into (|5.4p yields that 

d f 

-lo + J p\u, + u.Vu\'dx ^^^^^ 
< C(l + ||Vn||Loo)||Vn||^2 + C||Vu||^4 + C\\Vu\\l2\\Vu\\16, 



where 



l0=^\\yu\\h + l j{p + \){diYufdx 

— /X / {diUjdiU ■ Vuj — diUjdiYudiUj + dkUjdiUkdiUj) dx 



dxYU 



+ \)diu ■ Vu' -(//+(!- /3)/)(divu)2 
— J dkUjdjUkifJ- + X)divudx + — 1) J divuPdivudx 
+ J dkiijPdjUkdx, 



dx 



satisfies 



^||Vn|||2 - C < /o < C||Vn|||2 + C, (5.10) 

due to (|5.3p . Multiplying (j5.9p by t and integrating it over (0, T), we obtain after using 
GronwaU's inequality, (gS]), (jOU|) . and ([O]) . that 

sup t||Vn||^2 + / t j p\ut + u-Vu\'^dxdt<C, (5.11) 
o<t<T Jo J 
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which together with (jUS]), dUSI), dH}, and yields that 

sup t\\V^u\\lg < C. 
0<t<T 



(5.12) 



Finally, it follows from (j4.7p that 



V((2^ + A)divn) = VA"Miv(pnt + pu • Vn) - VA^MiviC, 



which yields that 



V((2^ + A)divti)||i2 < CWpiit + pu • V'u||i2 + C\\K\\l2. 



(5.13) 



Similarly, we have 



||V(V^ • u)\\l2 < CWpiit + pu • Vii||i2 + C\\K\\l2. 



(5.14) 



Direct calculations show 

\\K\\l2 < C\\\V^u\\Vu\\\l2 +C\\\Vp\\Vu\'^\\l2 +C\\\Vp\\Vu\\\l2 +C\\V'^u\\l2 

< C||V\||L,||Vn||/^i + C||V/)||L,||Vn||^i + C\\V p\\l4Vu\\hi + C (5.15) 

< C\\V\\\l^+C, 

where in the last inequality we have used ()4.9p and ()5.3p . 

Applying standard L^-estimate to the elliptic system (|4.7p yields that 



where in the last inequality we have used (j4.9p and (|5.13p - ()5.15p . This combining with 



which together with ()5.1ip and (j5.12p gives ()5.ip . 

It only remains to prove (|5.2p . In fact, for any > 0, it follows from (j3.4p . (j3.5p . 
(USD, dSIO, and dSSl) that 



which gives ()5.2p and finishes the proof of Lemma 15.11 

The following Proposition 15.21 is concerned with the M^^''^-estimate {q > 2) on the 
gradients of density and pressure, which in particular indicates the Holder continuity 



V^u\\l^ < C||V(V^ • u)\\l2 + C7||Vdivu||i2 




(5.16) 



(IHTTD and (gS]) yields that 




t\\ut\\L2{BR) <t\\u\\L2{BR) + t\\u ■ Vu\\l2^Br) 

<C{R)t\\p'/'u\\LHBn) + C{R)t\\Vu\\L\Bn) 
+ C{R)t\\u\\Hi(Bji)\\^u\\m{BR) 

<C{R), 



of (Vp,VP). 
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Proposition 5.2 Let q > 2 and 6q G (0, 1) be as in Theorem \ 1.21 It holds that 



sup (llVVllL^nM + llV'Alli^nL, + IIV^PH 



0<t<T 

+ sup (||V2(x^o^)||^, + \\V\x'n)h2 + \\V\x'^^P)h2) < C. ^^'^^^ 

0<t<T ^ ' 

Proof. First, for any p > 1, g{p) = (P satisfies 

g{p)t + u ■ Vg{p) + pg{p)divu = 0. (5.18) 

Applying the differential operator to both sides of (jS.lSp . multiplying the resulting 
equations by q\V^ g{p)\'^~^V^ g{p) , and integrating it by parts over M?, one gets 

j^W^'ah. < c{p) (liv^iu^iiv^^iu, + llv^llL^llv^niii, + \\vMw^..) 
< c{p) (1 + \\vu\\w^,,) (1 + llv^alUO + c{p)\\vMl^- 

Next, it follows from ([22|), (ESI), and (jOj) that for any e e (0, 1) and any s > 2, 

Wux-^Wls/. < C{e,s) + C{e,s)\\Vu\\L2. (5.20) 
which together with direct calculations leads to 

\\V{ux-')\\l. <C{e)\\V^L. +C{e)\\ux-^^^^^ 

<C{e)\\Vu\\L.+C{£)+C{£)\\Vu\\L2. 

The combination of (I5.20p with (I5.2ip as well as the Sobolev inequality yields 

||ux-^||loo < C{e) + C{e)\\Vu\\L2 + C{e)\\Vu\\L^. (5.22) 
Next, noticing that the standard L^-estimate to the elliptic system ()3.3ip gives 

IIV^GIIi. + \\VM\Lr' < C{p,p)\\V{pu)\\L., 

direct calculations yield that 

llV^nlli, < C (^llV(Vdivn)lli, + ||V(V^^^)||l,^ 

< C (IIV^GIIl, + \\V^P\\l^ + ||V(divnVA)||L, + ||V(V^a;)||L.) 

< C {\\V{pu)\\L. + ||V^P||l. + \\V^X\\l4^u\\lo^) 
+ C7||VA||l,||V\||l- 

< C (llV^illL, + ||x"Vp||L,||x-'*n||L- + ||v2p||i,) 

+ CIIV^AIIl, \\Vu\\lo^ + ^||V\||l, + C. 
This combining with (j4.22p and ()5.22p gives 

IIV^^IU, <C (IIVuIIl, + \\Vu\\l2 + ||v2p||i, + IIV'AIIl^IIVuIIh/i,. + 1) . (5.23) 
Then, putting (|5.23p into (j5.19p shows 

|(l|V^p||L. + ||V2A||z., + ||V2p||i,) 

<C{1 + \\Vu\\wi„) (IIVVIU. + IIV^AIU, + llV^Plli,) (5-24) 
+ C\\Vu\\li + C\\Vu\\l^ + C. 
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It follows from (|5.1|) that 



JO 



< c. 

Thus, by ()5.24p . ()5.25p . and Gronwall's inequality, one sees from (|4.9p and ()5.3p that 
sup (||VV||l« + IIV^AIIl, + \\V^P\\l^) < C, (5.26) 

0<t<T 

which, combining with ([OH]) . (jOSj) . (j5J]) . (gj]), and ([53]) gives 

j (llV^nll^j^/'' + t||V\||i,) < C. (5.27) 

Finally, for v = x^'^g{p), it follows from ()4.22p that 

ll^llLinHinvi/1.9 ^ C*. 

Noticing that (jl.ip i yields 

vt + u- Vv — 5qvu ■ V log X + pudivti = 0, 

we obtain from direct calculations that 

(||V2?;||^2)t < C7(l + ||Vn||ioo + \\u-V\ogx\\L^)\\V^v\\L2+C\\\V^u\\Vv\\\L2 
+ C|||V?;||Vu||Vlogx|||i2 + C|||Vv||u||V^logx|||i2 
+ C{\\v\\l. + \\v\\l^) (||V2(n • Vlogx)||L, + ||V\|U,) 

< C{1 + ||Vn||ioo)||V\||i2 + C7||V\||lco \\Vv\\l2 (5.28) 
+ C||Vv||i2||Vu||Lco +C7||Vu||i2|||n||v2logx|||Loo 
+ C||V2n||i, +C7||Vn||i, +C7||n|V3 log x| + C7|| V\||l, 

<C(l + ||V\||M)(l + l|V't;||L2), 

where in the second and third inequalities we have used the following simple fact that 
for any e > 0, 

Wux-^Wl-o < C(e), (5.29) 
due to IKWi and ([O]). It thus follows from (^^?M and (^^?27\) that 

sup (\\V\x''^p)h^ + \\V\x'oX)h2 + \\V\x'op)\\,,) < C, (5.30) 

0<t<T ^ ' 

which together with ()4.22p gives 

sup f ||x^°VV||l2 + ll^'^''V2A||i2 + ||x^0V2p||^2) < C. (5.31) 

0<t<T ^ ' 

We thus directly deduce (ISTTl) from (fOGll . (OOD . and (fOTT) . The proof of Proposition 
15.21 is finished. 
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Lemma 5.3 It holds that 

sup t (\\p^/\u\\l2 + Wp^^'^iut + u ■ Vu)\\l2) + [ t^\\Vutt\\l2dt < C. 

0<t<T ^ ^ Jo 

Proof. First, differentiating (jl.ip ? with respect to t gives 

putt + pu ■ Vut - pAut - V{{p + A)divnt) 
= V(Atdivn) — ptUt — ptu • Vu — put ■ Vu — VPt- 

Again, differentiating (|5.33|) with respect to t leads to 

puttt + pu ■ Vutt - pAutt - V{{p + X)divutt) 

= 2V{Xtdwut) + V{Xttdwu) + 2div{pu)uu + div{pu)tut 
-2{pu)t ■ Vut - pttu ■ Vu - 2ptut ■ Vu - putt ■ Vu - VPu, 

which, multiplied by uu and integrated by parts over E?, yields 
/ '^1^**1^^^ + J (/^|Vujt|^ + (/u + A)|divnttp) 
= —2 Xtdivutdivuttdx — / Xttdivudivuudx 



(5.32) 



(5.33) 



4 j pu - Vutt ■ Uttdx - j {pu)t ■ {V{ut ■ utt) + 2Vut ■ utt) dx 
j {pu)t ■ V{u ■ Vu ■ utt)dx - 2 j ptUt ■ Vu ■ uttdx 



The right-hand side of (j5.34p can be estimated term by term as follows, using (|2.ip . 
Cauchy-Schwarz inequality and the estimates obtained above. 

First, it fohows from ([OOD . (fOOD . and ([53]) that for any 5 £ (0, 1) and any r > 2/6, 



(5.35) 



\\x ^ut\\Lr<C\\x "^ttllLr + C||x ^n||ioo II Vn||ir 
<Ci5,r) + Ci5,r)\\Vu\\L2, 

and that for any p >2, 

||x-''Vnt||LP < C\\x-^Vu\\lp + C\\x-^\u\'^\V^u\\\lp + C\\x-^\Vu\'^\\lp 

< C||Vu||lp + C||x-^/2^||ioo II V^IIlp + C{p) (5.36) 

< C||Vu||lp + C{5)\\V\\\lv + C{p). 

Since A = p'^, we deduce from (j4.27p and (|5.29p that 

I Jil < e\\Vutt\\l2 + C{e) J (|n|2|VA|2 + X^\Vu\^)\Vut\^dx 

< ellVn^lli^ + C{e) j (x'^^i-'^Vl'lVpp + \Vu\^){x''^^-^^\Vut\^)dx (5 37) 

< ellV^/^lli^ +C7(e)(||Vp||ioo + ||Vn||i^)||x'^(i-'^)/2^nt||2, + C(e) 

< e||Vn«|||2 + C(e)(l + ||Vn||ioo)||Vii||22 + C{e), 



27 



where in the last inequahty we have used (|5.27|) and (|5.36|) . 
Next, Cauchy inequahty gives 

I J2I < ellVn^ll^^ + C{e)\\Xu\\l2\\Vu\\l^. (5.38) 

One deduces from (ll.lh i that 

\\Xtt\y < C\\{u ■ VX)t\\L^ + C\\{Xdwu)t\y 

< C\\\ut\\VX\\\L2 + C\\\u\\VXt\\\L2 + C\\XtdiYu\\L2 + C\\XdwUt\\L2. 

Each term on the right-hand side of (|5.39p can be estimated as fohows: 
It follows from K22h . (I05]) . and (fOTD that 



IIKIIVAIII^. <c||xi-'^K||vHII 



L2 



and that 



(5.39) 



<C\\x-'/\t\\L^4^p\\L^2/s (5.40) 
<C{l + \\Vuh^), 



\\{l + \u\)\VXt\\\L2 

< C\\{1 + \u\){\u\\V^X\ + \Vu\\VX\ + X\V^u\)\\l2 

< C\\{1 + \u\fx-^''\\Lo^\\x^°V^X\\L2 (5.41) 
+ C||(l + InDx-'^IU- (||Vn||^2,/(,-2) Wx'^VpWl'^ + 

<c, 

where in the last inequality we have used (|5.3ip and (|5.29p . 
One obtains from (lOgjl . dOjl . and ()i:22]) that 

\\Xt\\L2 + ||Pt||L2 < C|||n|(|VA| + |VP|)|Vn|||i2 + C||Vn||i4 

<C|||n|x-'^||Loo||x''(|VA| + |VP|)||l,||Vu||^2,/(,-2) +C7 (5.42) 
<C, 

which directly gives 

\\XtdWu\\L2 < C\\Vu\\w^,,. (5.43) 
It follows from ([02]) and ([OG]) that 

\\Xdwut\\L2 <C{1 + \\Vu\\l2). (5.44) 
Putting (fOOD . (fOB . dOHjl . and (fCTD into dOgjl leads to 

\\Xtt\\L2 < C(l + \\Vu\\wi,. + ||Vn||i2), (5.45) 
which together with (|5.38p gives 

I J2I < e\\Vuu\\l2 + C{e){l + \\vMl'> + ||Vn||i2)||Vtx||^i,,. (5.46) 
Next, Cauchy inequality combining with ()4.22p and ()5.29p yields that 
IJ3I < CWx-^'/Ml^Wp'^^uuWl^^uuWl^ < e\\Vuu\\l2+C{e)\\p^/\u\\l2. (5.47) 
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Next, Cauchy inequality and the mass conservation equation lead to 

\M <C j {\pt\\u\+ p\ut\){\Vut\\uu\ + \ut\\Vutt\)dx 

<C j {\Vp\\u\^ + p\u\\Vu\ + p\ut\){\Vut\\uu\ + \ut\\Vutt\)dx 
<C{e) j |V/)|>|V+Vf^2; + C(e) J {p\u\\Vu\ fx'^+^ip^dx 

4 

+ C(e) J p>t|V+Vt^x + e J{\uu\^x~^ + \Vuu\^)dx^Y.'^'^^ 



1=1 



where 

^A^-{a-l)/2|^^^|^|^^|--(l+a)/2 

satisfies that for any p >2, 

\Mlp < C{p) {\\Vu\\l2 + IIVuIIlp + llV^nlliP + l) 
<C{p){\\Vu\\hi + \\VMl'> + 1) 

due to (fO^ and 

It follows from K22\i . (ICTjl . and (OOD that 

< C7(£) (IIV^III,! + ||V\||i, + 1) , 

and that 

\JI\ < Cie) j |u|2|Vupx^-V(^a; 

<C{e)\\\u\'x'-^L-\\Vu\\UM% 

<C{e){\\Vu\\l. + \\VMh + -^)- 
Similarly, g22|), (I05D and (f^rigjl lead to 



\J!\ < Cie) J lutpx^-Vrf^; 

< C7(e)(l + llVnlliO (||Vn||^i + ||V\||L + l) . 
One deduces from ([33]), ([33]), and ([22]) that 



4 < j p\utt\'^dx + J l^uttl'^dx. 



Substituting (1530)1 - (15331) into ([SliSjl yields that 

J4 <C(£)(1 + llVnlliO (||Vn|||,i + ||V\||i, + 1) 
+ Ce j p\utt\'^dx + Ce j \Vutt\'^dx. 
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Next, direct calculations show 

IM <C j i\pt\\u\+p\ut\)i\Vu\'^\utt\ + \u\\V\\\uu\ + \u\\Vu\\Vuu\)dx 
<C{e) J |V/)|>|V+V?dx + C7(e) J{p\u\\Vu\+p\ut\fx'^+''y^ldx 

2 

+ e J {\uu\^x-^ + \Vuu\^)dx = ^ ^5 + ^ / iWu\^^'^ + \Vuu\^)dx, 



i=l 

where 

satisfies that for any p > 2, 

WMir' < C\\Vu\\%, + C|||n|x(i-'^)/2||i^(||v2^x||i., + llV^xlli.,] 
<C{p) + C{p)\\V\\\l,, 

due to (ICTIl and (fOjl . 

It follows from (ICTj) . (ICTjl . and (fOSD that 

<C(£)||x'^Vp||L|||^x|4xi-'^||i^||vPi||2,,/(,_,) 
<C{e) + C{e)\\VMh, 

and that 



<C7(e) / x'^\u\^\Vp\'^\ut\'^\Vu\^dx + C{e) / xV^lVu^uj^dx 

2 



+ £ /" x-''\uu\^dx^Y,4+e J x-^\uu\ 

i=l 



dx. 



(5.55) 



(5.56) 



(5.57) 



\Ji\ < C{e) J (|up|Vup + |nt|2)xi-V?dx 

<C(e)|||n|V-'^||z.^||Vn||i4||<^i|li4 (5.53) 
+ C7(.)||n,x(i-'^)/2||2,/(^_,J^i||2^/(,_^^ 

<C(e)(l + ||Vn||i.)(l|V\||i, + l). 
Putting ([5371) . ([5381) . and ([5331) into (l535]l gives 

I J5I <C(e)(l + \\Vu\\l,) iWVMh + 1)+Cej p\uu\^dx 

+ Ce j\Vutt\'^dx. 

Next, Cauchy inequality leads to 

iJel <C I {\u\\Vp\ + p\Vu\)\ut\\Vu\\utt\dx 

(5.60) 



(5.59) 



For ri = 8q/{{a — l){q — 2)) and r2 = 8q/{{5 — a){q — 2)), we obtain from (I5.35p . 
g22|), and (ICTD that 



I4l < C(e)||x'^Vp||i,|||^x|2xi-"||^..||ntx(i-'^)/2||i.,||Vn||i., 
<C(e) + C(e)||Vn||i„ 
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2 

(5.61) 



and that 



Putting (IHTHTD and into (ICTl shows 



<C(e) + C(e)||Vii|'2 



(5.62) 



\M < C{e) + C7(e)||Vn||^2 +Ce j p\utt\^dx + Ce j \Vutt\'^dx. (5.63) 

Next, similar to (j5.45p . we have 

ll^tilli^ < C{1 + IIVuIIh^i,, + ||Vn||i2), 
which together with direct calculations show that 

IJtI + IJsI <C\\Vu\\l^ j p\uu\^dx + e J \Vuu\^dx + C{e)\\Ptt\\l2 

< C||V^z||loo j p\uu\^dx + e J \Vuu\^dx ^^'^"^^ 
+ C(e)(l + ||Vn||2^i., + ||Vn||i.). 

Finally, it follows from Km . (l535]l . and dOejl that 

p\ut + u ■ Vii — uttl'^dx 

p\{u ■ Vu)t + u ■ Vnpfix 

<C j x-" (|nt|2|Vn|^ + |up|Vutp + |up|Vtt|2) 

+ C||x-''/2^||ioo||Vu||22 

<C + C\\Vu\\l2, 
which together with (15. ip implies 

y pjuttl^cix -C <t J p\ut + u ■ Viil'^dx < Ct j p\uu\'^dx + C. (5.65) 

Substituting (lOTD . (fSliel) . (ISliTll . (f53iD . (15391) . (1533)1 . and (l53iD into (fOD . choos- 
ing e suitably small, and multiplying the resulting inequality by t^, we obtain after using 
GronwaU's inequality, ([53]), <^23l, and ([535]) that 



sup tV^\tt\\l2+ r t'\\Vuu\\l2dt<C, (5.66) 

<t<T JO 



0<t<T " Jo 

which together with (15.65P gives 



sup / p\ut + u- Vu\'^dx <C. (5.67) 



0<t<T 

The combination of (I5.66P with (I5.67P finishes the proof of Lemma 15.31 
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Proposition 5.4 It holds that 

sup (||Vn||j|^i + t\\V^u\\Li + t||V^ut||i2 + t||V^u||i2) 

0<i<T 

.T (5.68) 
+ sup t\\V\pu)\\L(,+2)/2 + / {\\Vut\\l2+t^\\Vuu\\l2)dt<C. 

0<t<T Jo 

Proof. First, one deduces from (|5.16p . (|5.67p . and (|5.1|) that 

sup t\\V'^u\\L2 < C, (5.69) 

0<t<T 

which together with (fOHD . (f5l7D . and I^J^ leads to 

sup t||V\||L, < C. (5.70) 

0<t<T 

Next, standard L^-estimate of elhptic system yields 

W^^uth^ <C7||VV^ • ut\\L2 + C\\Vdwut\\L2 

<C7||VV^ • ut\\L2 + C||V((2/i + A)divut)||i2 

+ C||/-idiv^zt||^2,/(,-2) WVpWl, (5.71) 
<C\\putt\\L^ + C\\pu ■ Vuth^ + C||V(Atdivn)||i2 + C\\ptu\\L^ 

+ C\\put ■ Vu\\l2 + C\\VPt\\L2 + C||Vn||j^i + C\\V^u\\l9 + C, 

where in the third inequality we have used (|5.33p and (j5.36p . 

We estimate each term on the right-hand side of (j5.7ip as follows: 
First, it follows from K22\i . dOOjl . (IOGD . and 1^ that 

t\\pu ■ Vut\\L2 < Ct\\ux-''/^\\Lo. ||x-"/2vnt||^2 , _ 

(5-72) 

<C + Ct\\Vu\\L2 <C, 

and that 

i||V(Ajdivn)||i2 < Ct||VAt||j;,2 ||divn||ioo + Ct||At||i2 HV^uHlcx) 

<C\\Xt\\Hi{i + t\\V^u\\L9) (5.73) 
<C, 

where in the third inequality we have used ()5.4ip . (j5.42p . and ()5.70p . 
Next, one deduces from K29]i . K22\i . and (jS^I) that 

t||/9tn||^2 < Ct|||n||V/o||'u|||^2 + Ct||p|divn||n| 11^2 

< Ct\\x^~"-u\\Lo^\\x°-V p\\Lq\\x~^u\\L2q/{q-2) + Ct||divn||Loo (5.74) 

< Ct\\Vu\\L2 + Ct\\V^u\\Li + C. 

where in the last inequality we have used ()5.20p and ()5.ip . 
Finaly, similar to (j5.4ip . we have 

||VPt||i2 < C. (5.75) 
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Putting (IE72I)-(I525]) into ([^TT]) together with (fHTTOD . dEM]), and (fSTBUIl gives that 



sup t||V^nt||j^2 < C. (5.76) 

0<t<T 

Next, it fohows from (ICTIl . (lO^ . dOTTl . and that 

t||V2(pn)||^{,+2)/2 

< Ct\\\V^ p\\u\\\ L(,+2) /2 + Ct\\\Vp\\Vu\\\ L(,+2)/2 + Ct\\pV^ n||^(g + 2)/2 

< Ctllx-^ovVllii^'^'^ llVVir/J'^'^ ||x-2^«/('?+2)n||Loo (5.77) 

j;^9{9+2)/(q-2) ||V^ll||iq 

< c. 

Finally, multiplying (j5.33p by ut and integrating the resulting equation over yield 
that 

/ + y (A*|Vut|^ + (^ + A)(divnt)^) 

<Cy" lAtlldivullViitldx + C j \pu ■ V{u ■ ut)\dx 
+ C j p\ut\^\Vu\dx + C j iPilldiviitldx 

< f llVntll^a +C7||At||22||divM||ioo +C j pM'^iWt? + W?\^u\'^)dx 
+ C||Vn||^2+C j p|ntpda;||Vu||Loo + C||Pt|||2 

< f l|Vnt||i2+C||Vn||^(r'^^'l|V'n||'{'' + C j p\ut\''dx{l + \\Vu\\loo) 
+ C\\Vu\\l2+C, 

where in the last inequality we have used (|5.42|) . This combining with Gronwall's 
inequality, ()5.3p . and ()5.27p yields 

T 



sup f p\ut\^dx+ f \\Vut\\l2dt<C, 

<t<T J Jo 



0<t<T J Jo 

which together with (iSTOll . ([57761) . (fSTFTD . (iSlMjl . (fOjl . and (l5:32]l yields ([5:68]) and 
thus finishes the proof of Proposition 15.41 

6 Proofs of Theorems 11.11 and 11.21 

Proof of Theorem Let {po,uo) be as in ()1.6p . For Pq = Po + de^'^l^ > 0, we see 
that (pq, PqUo) satisfy ()1.6p . The local existence result, LemmaETTl applies to show that 
the problem (ll.ip - (ll.4l) with initial data {pq,PqUo) has a unique local strong solution 
{p^,u^), defined up to a positive time Tq and satisfying (jl.Sp . Propositions 14.21 and 14.31 
together with Lemma [2. II thus yield that {p^ ,u^) exists on x (0, T] for any T > and 
satisfies Propositions 14. 2l and l4. 31 with C independent of 6. Then letting 5 — )• 0, standard 
arguments (see [3l|26l[32]) thus show that the problem (|l.ip - (jl.4p has a global strong 
solution (p, n) satisfying the properties listed in Theorem 11.11 except the uniqueness of 
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{p, u) satisfying (|1.8|) . Since the uniqueness of (p, u) satisfying (|1.8|) is similar to that 
of |21) , we finish the proof of Theorem 11.11 

Proof of TheoremlTE Let {po,uo) satisfy ([L6]), dLlD, and (fLTOD . Set pf^ = po + 
(5e-l^l^ > 0. Then (pg,/9^iio) satisfy ([ISD, ([OD, and (fTTO]) . The local existence result, 
Lemma [27H applies to show that the problem ()l.ip - ()1.4p with initial data (p^, PqUq) has 
a unique local classical solution {p^ ,u^), defined up to a positive time Tq and satisfying 
(fLSD and (fTTTD . Propositions |121 [331 O and [531 together with Lemma [O thus 
yield that {p^,u^) exists on x (0,T] for any T > and satisfies all these estimates 
presented in Propositions 14.21 14.31 15.21 and 15.41 with C independent of 6. Moreover, 
()5.2p holds with C(i?) independent of 5. Then letting (5 — )• 0, standard arguments thus 
show that the limit functions (p, u) satisfying (|1.8p and (jl.lip are in fact the classical 
solution to the problem (|l.ip - (jl.4p in X (0, oo). We finish the proof of Theorem 11.21 
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